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Abstract
The development of stellarators that use permanent magnet arrays to shape their confining magnetic fields has
been a topic of recent interest, but the requirements for how such magnets must be shaped, manufactured, and
assembled remain to be determined. To address these open questions, we have performed a study of geometric
concepts for magnet arrays with the aid of the newly developed MAGPIE code. A proposed experiment similar
to the National Compact Stellarator Experiment (NCSX) is used as a test case. Two classes of magnet geometry
are explored: curved bricks that conform to a regular grid in cylindrical coordinates, and hexahedra that con-
form to the toroidal plasma geometry. In addition, we test constraints on the magnet polarization. While magnet
configurations constrained to be polarized normally to a toroidal surface around the plasma are unable to meet
the required magnetic field parameters when subject to physical limitations on the strength of present-day mag-
nets, configurations with unconstrained polarizations are shown to satisfy the physics requirements for a targeted
plasma.
1 Introduction
The stellarator, a nonaxisymmetric toroidal plasma confinement device, is a potentially attractive concept for a fusion
reactor. It offers some inherent advantages over the axisymmetric tokamak, including the ability to run at steady state
with little to no plasma current and a lower risk of disruptions. To realize these advantages, the three-dimensional
confining magnetic field must be carefully designed to avoid excessive neoclassical losses [1].
For all optimized stellarators constructed to date, the optimized magnetic field properties have been obtained
through the design of non-planar coils [2, 3, 4]. One widely-used approach for designing such coils involves defining
a toroidal winding surface and computing the surface current distribution required to accommodate a desired plasma
contained within the surface [5]. The surface current distribution can then be discretized to determine the geometry
of modular stellarator coils. This is the underlying approach of the NESCOIL and REGCOIL codes [6]. Recently it
was shown that an equivalent mathematical approach can be employed to calculate a distribution of magnetization
within a toroidal region enclosing the plasma [7]. This magnetized region, in combination with a simple (e.g., planar)
coil set to provide a toroidal magnetic field component, can in principle confine a stellarator plasma just as well as
the surface current distribution.
The use of permanent magnets in place of non-planar coils could be an attractive way to simplify the construction
and maintenance of a stellarator reactor; however, this approach has not been extensively studied to date. One central
challenge in realizing a permanent magnet-based stellarator will be to develop a magnet arrangement that meets the
physical requirements for effective plasma confinement while also being feasible to construct. In a close analogue to
traditional coil-based stellarator designs, which must consist of discrete coils with limitations on current density and
curvature, permanent magnet-based stellarators designs must be compatible with limitations on magnetization levels
in present-day materials. In addition, while arrays of magnets with arbitrary distributions of strength and polarization
direction offer many degrees of freedom toward attaining an optimal confining field, they must ultimately be feasible
to mount and enable periodic disassembly and reassembly for reactor maintenance.
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A number of recent developments have been made toward attaining optimal permanent-magnet distributions
with realistic properties. REGCOIL-PM uses an analogous approach to that of REGCOIL to compute continuous
distributions of magnetization within toroidal volumes [8]. The FAMUS code [9, 10], based on the FOCUS code for
stellarator coil design [11], optimizes an arbitrary distribution of magnetic dipoles representing a discrete array of
magnets.
FAMUS offers complete flexibility on the quantity and spatial distribution of the magnets whose strength is
to be optimized. The user must therefore supply a geometric arrangement that adequately represents an array of
magnets that is feasible to construct and obeys physical limitations on magnetization. As one approach toward
meeting this need, we have developed the MAGPIE (Magnets, piecewise) code. MAGPIE generates arrays of magnets
with simple shapes subject to intuitive geometric constraints. The output can be used both as input to FAMUS to
optimize the distribution of magnet strength, as well as a starting point for engineering design of the magnets once
the required strengths are determined. The ability of the code to rapidly (/ 30 s on a standard PC) generate feasible
magnet arrangements will enable iterations with physics codes to attain plasmas that possess both desirable physics
properties and magnetic field requirements that can be met with permanent magnets.
In this paper, we introduce the code and apply it to design and test magnet arrangements for a small-scale stel-
larator based on the National Compact Stellarator Experiment (NCSX) [12, 13]. Sec. 2 describes the two geometric
concepts for magnet arrays that are investigated in the paper: curved bricks, which conform to a grid in cylindri-
cal coordinates, and quadrilaterally-faced hexahedra, which conform to the geometry of a smooth toroidal surface
around the plasma. Sec. 3 describes a study of hexahedral configurations with the simplifying constraint that all
magnets must be locally perpendicular to the toroidal limiting surface. The results indicate that such a constraint
cannot be achieved with the limitations of magnet strength in present-day materials. Sec. 4 describes studies of
hexahedron and brick configurations in which the polarization direction of each magnet is a free optimization pa-
rameter. With this additional degree of freedom, it is possible to attain magnet configurations that meet the physics
requirements for the target plasma equilibrium. We discuss the differences between solutions employing hexahedral
and brick magnets and demonstrate that both geometries admit viable solutions even after removing magnets that
would collide with access ports foreseen for NCSX.
2 Geometric concepts
As with stellarator coil design, the problem of specifying a magnet array to confine a three-dimensional plasma is
fundamentally ill-posed [6], and any given plasma configuration will admit many possible solutions. In this study,
we explore two classes of solutions that represent different approaches to the magnet array design. In one approach,
the magnets all conform to a regular grid; in the other, the magnets are are given custom shaping to conform closely
to the toroidal plasma geometry.
2.1 Curved bricks
The grid-conforming magnets in considered here have the geometry of curved bricks. The shape of each brick may be
fully specified by six parameters, consisting of lower and upper limits on the radial coordinate r, vertical coordinate
z, and azimuthal (toroidal) angle φ . The arrays of curved bricks studied to date have been further constrained such
that each brick in the array has identical dimensions in each coordinate. As such, the arrays of bricks would conform
to a regular rectangular grid in the space of the cylindrical coordinates. In real space, the bricks are arc-shaped
extrusions whose cross-sections are identical rectangles and whose arc lengths and curvature radii vary linearly with
the radial coordinate.
Fig. 1a shows an example configuration of curved bricks built around an NCSX-like plasma equilibrium. To
construct a brick array for an experimental configuration, one first defines the brick size, gap spacing, and array
bounds for each cylindrical dimension. From this initial grid, all bricks not within a specified permissible volume
are eliminated. This volume is defined as the space between two toroidal limiting surfaces: an inner surface that
encloses the plasma, and an outer surface that encloses the inner surface. In the configurations we have explored to
date, the inner limiting surface has conformed to the experimental vacuum vessel, and the outer limiting surface has
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Figure 1: Renderings of arrays of (a) curved-brick magnets and (b) hexahedral magnets designed for an NCSX-like plasma,
viewed from the inboard side. The magnets, inner limiting surface (coincident with the vacuum vessel in these cases), and the
plasma boundary are shown for one half-period of the configuration, which has three field periods in total. Both arrays have
radial extents of 20 cm and are constructed on grids with 12 cells per half-period in the toroidal dimension.
been the locus of points whose closest distance to the inner surface in their respective poloidal plane is equal to a
given radial extent.
One advantage of the curved-brick concept is its geometric simplicity. Since all bricks at a given radial posi-
tion have the same shape, configurations of curved bricks will have relatively few unique magnet geometries. We
note, however, that magnets of the same shape within an array will likely need to have many different polarization
directions, dependent on their location relative to the plasma.
2.2 Quadrilaterally-faced hexahedra
In the second geometric concept explored in this work, the magnets are constructed to conform closely to the plasma
geometry. The magnets are placed in an irregular grid that wraps around the inner limiting surface and is partitioned
into cells in the poloidal and toroidal dimensions. Each cell contains a magnet in the form of a quadrilaterally-faced
hexahedron. In order to fill the volume between the limiting surfaces, the hexahedra expand toward the inner surface
in regions where it is concave and taper toward the inner surface where it is convex. This geometric concept is, in
effect, a three-dimensional generalization of the assemblies of trapezoidal magnets in Halbach cylinders employed
in particle accelerators and other applications [14].
An exemplary array of quadrilaterally-faced hexahedra is shown in Fig. 1b. Each of the four lateral faces of
a hexahedral magnet are parallel to the faces of the magnets in their respective adjacent grid cells. The top face
(closest to the inner limiting surface) and base face (furthest from the inner limiting surface) are constrained to be
parallel to one another. Each hexahedron is associated with a characteristic axis, a line that is perpendicular to the
base and top faces. The hexahedra are positioned and aligned such that their axes are locally perpendicular to the
limiting surface. In some grid cells in concave regions of the limiting surface, in particular on the inboard side near
the “bean-shaped” plasma cross-section on the right of Fig. 1b, additional hexahedra are added to fill gaps between
the original magnet layer and the inner limiting surface. A close-up view of a group of these additional hexahedra is
shown in Fig. 15.
The concept of an array of magnets with axes oriented perpendicular to a toroidal surface was motivated by the
study in Ref. [9], which demonstrated the physical feasibility of plasma confinement with a magnetized layer whose
magnetization is locally perpendicular to a toroidal surface surrounding the plasma. The hexahedra are a discrete
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Figure 2: CAD image of a subset of magnets from a variant of the set depicted in Fig. 1b, attached to planar mounting structures.
The first poloidal row of magnets is highlighted in brown. The magnets are viewed in this picture from the outboard side, and
the mounting structures shown are on the inboard side.
implementation of such a layer, assuming that the magnets are each polarized along their respective axes.
While the geometry of the hexahedral arrays is more complex than that of the curved bricks, they could in
principle offer a degree of simplicity in their polarization requirements. If the magnets are all polarized along their
axes, they may be cut from slabs of magnetic material with uniform perpendicular polarization, thereby potentially
reducing manufacturing complexity.
While the magnet axes are constrained to align with normal vectors to the limiting surface, the hexahedral
concept still allows some freedom to choose the locations of the bases of the magnets within the grid to be convenient
for mounting. In the hexahedral configurations explored to date, the magnet bases have been specified such that the
bases in each poloidal row of the grid align to a constant toroidal angle. Thus, while the axes in a given grid row
emerge from the bases in different directions dependent on the geometry of the inner limiting surface, the bases may
all be mounted on planar external structures as shown in Fig. 2.
Further details on the algorithm for designing the hexahedral arrays are given in Appendix A.
3 Magnet arrays with normal polarization
The two magnet concepts introduced in Sec. 2 will be evaluated for suitability for a proposed variant of the NCSX
stellarator. In each case, the magnets will replace the modular, non-planar coils of NCSX. The toroidal field is
supplied by planar toroidal field (TF) coils. The target equilibrium is based on an optimized plasma configuration
for NCSX, but with a toroidal field of 0.5 T, approximately one-third of that originally envisioned [12]. The major
characteristics of the target plasma equilibrium are summarized in Table 1.
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Major radius 1.44 m
Minor radius 0.32 m
|B| (volume average) 0.50 T
Rotational transform on axis 0.35
β (volume average) 4.1%
Toroidal current 57 kA
Table 1: Key characteristics of the NCSX-like target plasma equilibrium used for the magnet studies.
3.1 Optimization procedure
To determine the suitability of a given magnet array for this target plasma, we employed the FAMUS code, which
optimizes the dipole moment of each magnet in order to match the required magnetic field for the target plasma
[10]. Geometric magnet arrays were considered feasible if a solution with sufficiently low residual field error could
be found, subject to physical constraints. For these optimizations, each magnet was represented as an idealized
point dipole located at the magnet’s centroid. The maximum allowable dipole moment was capped at the magnet’s
volume times a designated maximum bulk magnetization Mmax. For these studies, we have used Mmax = 1.1 A/m,
corresponding to the level presently attainable in rare Earth magnets [15].
Optimizations proceeded in two steps. In the the first step, the magnets, represented as dipoles, were initialized
with a dipole moment of zero. The dipole moments were then optimized with the sole objective of minimizing the
integral of the squared normal component of the magnetic field, |B · nˆ|2, over the boundary of the target plasma.
Here, B is the net magnetic field, including contibutions from the magnets, toroidal field coils, and plasma, and nˆ
is the unit normal vector on the plasma boundary. In the second step, the dipole moments output from the first step
were refined in an optimization with two minimization objectives: the integral of |B · nˆ|2 and the sum of the squares
of the dipole moments of each of the magnets. The goal of this refinement was to concentrate the magnetization
within a smaller number of magnets within the arrangement and ultimately reduce the required volume of magnetic
material for the array.
3.2 Scan of magnet layer thickness
The first magnet arrays tested for this target plasma consisted of hexahedral magnets (Sec. 2.2) with polarizations
normal to the inner limiting surface. As such, the directions of the dipole moments in the FAMUS optimizations were
fixed to be along the axes of the hexahedra, whereas the magnitudes were free to vary within the bounds permitted
by Mmax. The polarity of the dipoles, i.e. whether their moments were parallel or antiparallel to the hexahedral
axes, was also free to vary. The hexahedra were constructed around an inner limiting surface with the dimensions
of the NCSX vacuum vessel [13, 16], which we note is not the same as the winding surface used to constrain the
NCSX coils [17]. A minimum gap spacing of 2 cm was enforced between the magnets and the limiting surface.
The minimum spacing between parallel faces of adjacent hexahedra was 0.5 cm, representing a highly optimistic
estimate of the amount of room required between magnets for support infrastructure. In addition, each hexahedron
was subdivided into 10 radially-arranged slices to enable greater spatial resolution of the required dipole moment
distribution within the volume of the array. This is instructive, as each hexahedron in the array will likely consist of
a subassembly of many smaller magnets.
Each of the arrays had a distinct, uniform value of the radial extent parameter, ranging from 15 cm to 40 cm.
Three of these arrays, having radial extents of 15 cm, 25 cm, and 40 cm, respectively, are shown in Fig. 3. The
magnets are colored according to the optimized value of the density ρ , defined as |m|/MmaxV , where m is the
optimized dipole moment and V is the magnet volume. In this figure, ρ is given a positive sign if the optimized
dipole moment points away from the limiting surface and a negative sign if the moment points toward the limiting
surface. As indicated in the renderings, magnets on the inboard side tend to require greater strengths regardless of
the array thickness. This is consistent with the findings in Ref. [10] and indicates that many of the magnets on the
outboard side could be removed in further refinements of the arrays without much loss to the attainable magnetic
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Figure 3: Renderings of three arrangements of quadrilaterally-faced hexahedra with radial extents of (a) 15 cm, (b) 25 cm, and
(c) 40 cm. The color scale corresponds to the value of ρ obtained from an optimization in which the dipole moment’s direction
was fixed to be along the axis of the hexahedra, locally normal to the inner limiting surface. Positive values of ρ correspond to
the outward direction.
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Figure 4: Values of 〈|B · nˆ|/|B|〉 obtained in optimizations of hexahedral magnet arrangements with normal polarization. The
dashed line indicates the criterion value 〈|B · nˆ|/|B|〉= 0.002.
field accuracy.
The general objective of the scans of magnet thickness was to identify the minimum thickness (correlated with
magnet quantity) needed to produce the magnetic field required for the target plasma. The attainable field accuracy
for a given magnet set is quantified here by surface average of the fractional normal component of the net magnetic
field, 〈|B · nˆ|/|B|〉. We find that values of 〈|B · nˆ|/|B|〉< 0.002 tend to produce good agreement with the boundary,
rotational transform profile, and effective ripple of the target plasma configuration, as will be shown later. We will
therefore adopt this as an empirical criterion for determining whether a magnet arrangement is feasible for confining
the target plasma.
The values of 〈|B · nˆ|/|B|〉 attained for each of the magnet arrays in the thickness scan are shown in Fig. 4. As
shown in the plot, none of the arrays tested exhibited 〈|B · nˆ|/|B|〉< 0.01, indicating that none were able to produce
a sufficiently accurate magnetic field. The highest field error was observed in the thinnest array (radial extent
of 15 cm), and the field error decreased substantially for the first few increments of the radial extent. Such a trend
indicates that the thinnest arrays did not contain enough magnetic material to counterbalance the normal components
of the field on the plasma boundary arising from the toroidal field coils and the plasma. However, simply adding
magnets was not sufficient to reduce the field error to acceptable levels. This can be understood from the fact that
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Figure 5: Values of 〈|B · nˆ|/|B|〉 obtained in optimizations of hexahedral magnet arrangements with a radial extent of 30 cm
with different values of Mmax.
incrementing the radial extent entails adding magnets that are further and further from the plasma, thereby lessening
their effect on the field at the plasma boundary. The increase in field error in the final increment is likely due to the
presence of larger gaps between the magnets, which tend to be necessary to prevent overlaps between the corners of
nearby magnets in thicker hexahedral arrays.
3.3 Scan of maximum magnetization
A second parameter scan with normally-polarized hexahedral magnets further supports the above interpretation. In
this scan, the radial extent was fixed at 0.3 m, the value at which the smallest value of 〈|B · nˆ|/|B|〉was attained in the
first scan. The varied parameter in this case was Mmax, which ranged from 0.6 MA/m to 3.1 MA/m. As indicated in
Fig. 5, the field error diminished substantially as Mmax increased, far below the level achievable through increasing
the magnet layer thickness with Mmax fixed at 1.1 MA/m (Fig. 4).
The ability of the different magnet arrays in this scan to meet the physics requirements for plasma confinement
was investigated through magnetohydronamic (MHD) equilibrium and neoclassical confinement calculations. We
used the VMEC code [18, 19] to calculate free-boundary MHD plasma equilibria using the external fields provided
by the NCSX toroidal field coils and each of the optimized magnet arrangements. In addition, the NEO code [20]
was used to calculate εeff, a metric of neoclassical confinement.
Results from these calculations for selected arrangements are shown in Fig. 6, including the equilibrium plasma
boundary, rotational transform profile, and ε3/2eff as compared to the corresponding data for the target plasma con-
figuration. The agreement between the attainable and targeted plasma boundaries and parameter profiles for the
arrangements with Mmax = 0.6 MA/m and 1.1 MA/m was poor, particularly for the neoclassical transport. How-
ever, all properties converged toward the target as Mmax increased, with good agreement at Mmax = 1.6 MA/m
and excellent agreement at Mmax = 2.1 MA/m. Since those latter two arrangements had values of 〈|B · nˆ|/|B|〉 of
2.20×10−3 and 1.04×10−3 respectively, we have chosen 〈|B · nˆ|/|B|〉< 0.002 as an empirical criterion for adequate
magnetic field accuracy when evaluating subsequent magnet arrangements.
While values of Mmax of 2.1 MA/m are far above the limitations of present-day materials, these results are in-
structive for the purposes of magnet array design. While arrays of magnets with normal polarization can in principle
confine stellarator plasmas, they require high magnetic concentrations close to the plasma. For the target plasma
explored here, normally-polarized magnet arrays are not feasible—at least if they must be placed outside the NCSX
vacuum vessel.
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Figure 6: Results of MHD equilibrium and neoclassical transport calculations for plasmas confined by an arrangement of
hexahedral magnets with differing values of Mmax. (a) Plasma boundary at toroidal angle φ = 0◦; (b) Plasma boundary at
toroidal angle φ = 60◦; (c) Profile of rotational transform; (d) Profile of ε3/2eff .
4 Magnet arrays with arbitrary polarizaion
4.1 Hexahedral thickness scan, revisited
The set of hexahedral arrays with varying radial extents first discussed in Sec. 3.2 was subjected to a second set of
optimizations, this time allowing for the polarization direction to vary relative to the hexahedrons’ axes. The initial
guess for the dipole moment in each case was a vector with magnitude zero parallel to the axis of the corresponding
hexahedron. As before, Mmax was set at the rare-Earth magnet value of 1.1 MA/m in each case. As shown in Fig. 7,
the attainable values of 〈|B · nˆ|/|B|〉 were much lower than in the fixed-axis case. In particular, arrangements with
radial extents as low as 17.5 cm were feasible in the sense of attaining 〈|B · nˆ|/|B|〉 < 0.002. Renderings of three
arrangements from the scan, indicating the spatial distribution of optimized ρ values, are shown in Fig. 8.
The importance of the freedom to decouple the magnetic moments from the normal direction is illustrated in the
distribution of the optimized polarization directions. Fig. 9a shows a histogram of the cumulative dipole moment
strength of the magnets, binned according to the angle between the optimized dipole axis and the axis of the cor-
responding hexahedral magnet body. An angle of 0◦ corresponds to polarization along the hexahedron’s axis (i.e.
locally normal to the limiting surface) in either the positive or negative direction, whereas an angle of 90◦ corre-
sponds to polarization perpendicular to the hexahedron’s axis (i.e. locally tangential to the limiting surface). The
histogram corresponds to the optimized dipole moments of the arrangement with the lowest feasible radial extent of
17.5 cm. For this arrangement the angular offset is distributed widely between normal and tangential.
Thicker magnet layers admitted distributions that were more skewed toward the normal (0◦) orientation, as
shown in Fig. 9b for the arrangement with a radial extent of 25 cm. However, note that this arrangement has a much
greater total dipole quantity, exhibited by the sum over all bins. Furthermore, the bins for higher offset angles are
not empty and their quantities are still comparable to the corresponding bins for the 17.5 cm arrangement for angles
less than 45◦.
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Figure 7: Values of 〈|B · nˆ|/|B|〉 for different magnet arrangements for optimizations in which both the magnitude and direction
of the dipole moment of each magnet were allowed to vary. The horizontal dashed line indicates the empirical criterion for field
accuracy.
Figure 8: Renderings of three arrangements quadrilaterally-faced hexahedra with radial extents of (a) 10 cm, (b) 17.5 cm, and
(c) 35 cm. The color scale corresponds to the value of ρ obtained from an optimization in which the dipole moment’s direction
could vary during the optimization.
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Figure 9: Distribution of the angular offset between the optimized and initial dipole moments for hexahedral magnets in
arrangements with radial extents of (a) 17.5 cm and (b) 25 cm. Bin quantities are weighted according to the magnitudes of the
optimized dipole moments.
4.2 Arrangements with curved-brick magnets
The results in Sec. 3.2 indicate that hexahedral magnet arrays with the simplifying constraint of normal polariza-
tion are not feasible for the target plasma configuration. Rather, the magnet arrangement must have a tangential
polarization in some regions and normal polarization in others. Since the potential simplicity of normally-polarized
hexahedral magnets cannot be realized, the curved brick concept introduced in Sec. 2.1 could be preferable to the
hexahedra due to its relative geometric simplicity.
Accordingly, a set of curved brick arrangements with differing values of radial extent was performed to identify
feasible arrangements. For each arrangement, the poloidal cross-section of each brick was a square with side lengths
of 4.9 cm in the radial and vertical dimensions. Each brick subtended a toroidal angle of 4.86◦. Gap spacings of
0.1 cm were maintained between adjacent bricks in the radial and vertical dimensions, and 0.14◦ in the toroidal
dimension.
The geometric orientation of each curved brick is independent of the plasma geometry. As a result, the choice of
initial guess for the magnetic polarization direction is not as intuitive as for the hexahedra, which have characteristic
axes perpendicular to a toroidal surface around the plasma. In this study, two separate optimizations were performed
for each arrangement of curved bricks. For the first optimization, the polarization direction of each brick was
initialized to be along the radial unit vector—that is, cosφ xˆ+ sinφ yˆ, where xˆ and yˆ are unit vectors in the Cartesian
x and y directions and the toroidal angle φ is evaluated at the brick’s centroid. For the second, the direction was
initialized along a line originating from the brick and intersecting the inner limiting surface at a perpendicular angle.
In this latter scheme, the spatial distribution of initial polarizations throughout the magnet volume is similar to that
of an array of hexahedra initialized along their axes. In all cases, the dipole moment magnitude was initialized at
zero and Mmax was constrained not to exceed 1.1 MA/m.
The values of attainable 〈|B · nˆ|/|B|〉 for each arrangement are plotted in Fig. 7. Note that the minimum radial
extent required to meet the criterion 〈|B · nˆ|/|B|〉 < 0.002, approximately 20 cm, was essentially the same for both
initialization cases, and also quite similar for the scan of hexahedral arrangements. Three of the arrangements,
along with their optimized ρ values, are shown in Fig. 10. As with the hexahedral cases, the optimized dipole
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Figure 10: Renderings of three arrangements curved bricks with radial extents of (a) 10 cm, (b) 20 cm, and (c) 35 cm. The
color scale corresponds to the value of ρ obtained from an optimization in which the dipole moment’s direction was initialized
to point normally with respect to the inner limiting surface.
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Figure 11: Effective volume per half-module for different magnet arrangements for optimizations in which both the magnitude
and direction of the dipole moment of each magnet were allowed to vary.
moment magnitude in thicker distributions becomes increasingly concentrated near the inboard side of the bean-
shaped plasma cross-section.
One point of contrast between the two initialization schemes can be seen in the effective magnet volume, Veff.
We define Veff as ∑Ni |mi|/Mmax, where N is the total number of magnets in the arrangement and mi is the optimized
dipole moment of each magnet. Veff provides an estimate of the volume of magnet material required to build the
arrangement if magnets of low to intermediate optimized densities are substituted for smaller magnets with ρ = 1
(i.e. magnetization equal to Mmax). In general, lower values of Veff are desirable and, as mentioned in Sec. 3.1, the
second stage of each optimization sought to reduce this quantity (more precisely, ∑Ni |mi|2) while still maintaining
good magnetic field accuracy.
While the attainable 〈|B · nˆ|/|B|〉 appears to be fairly robust against differences in initalization and in the geome-
try of the individual magnets, this cannot be said for Veff. As shown in Fig. 11, Veff is at least 10% lower for magnets
with the normal initialization than for magnets with the radial initialization, at least in the subset with sufficient field
accuracy (radial extents of 20 cm or greater). Evidently, the solution obtained through the optimization is sensitive to
some initial parameters, and this sensitivity can have consequences for construction costs—in this case, the required
magnet quantity.
Also of note are the values ofVeff obtained from the free-axis thickness scan of hexahedral magnet arrangements,
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Figure 12: Values of (a) 〈|B · nˆ|/|B|〉 and (b) Veff per half-module for magnet arrangements with hexahedral and curved brick
geometry that left space for the NCSX ports.
also shown in Fig. 11. The hexahedral arrangements were able to obtain similar field accuracy with substantially
lower volume than either set of optimizations for the curved bricks. It is hypothesized that this can be explained
at least in part by the toroidally-conforming geometry of the hexahedra. Whereas the brick arrangements exhibit
many wedge-shaped gaps near the inner limiting surface due to their rectangular cross-sections, the better-aligned
hexahedra fill a larger fraction of the volume near the inner limiting surface, where magnetic material would have
the most influence on the field at the plasma boundary.
4.3 Effect of diagnostic ports
The magnet arrangements studied so far have all fully covered the limiting surface, corresponding to the NCSX
plasma vessel. In a real device, of course, some of these magnets will need to be removed in order to make space for
access ports for diagnostic, heating, and fueling systems.
To evaluate the impact of ports on feasible magnet arrangements, two more sets of magnet arrangements were
optimized, one with hexahedral geometry and the other with curved brick geometry, this time excluding magnets
that collide with any of the ports foreseen for NCSX. Most of these ports lie on the outboard side of the plasma
vessel. As in the previous parameter scans, each arrangement had a different value of the radial extent. The curved
bricks were initialized with normal polarizations.
The attainable values 〈|B · nˆ|/|B|〉 and Veff for the two parameter scans are shown in Fig. 12. The lowest radial
extent for which hexahedral arrangements attained 〈|B · nˆ|/|B|〉 < 0.002 was 22.5 cm, 5 cm higher than the case
without ports considered. Remarkably, the curved brick arrangements attained 〈|B · nˆ|/|B|〉< 0.002 at the same ra-
dial extent as in the case without ports, although 〈|B · nˆ|/|B|〉 was about a factor of 2 higher. The 22.5 cm hexahedral
arrangement had Veff = 0.60 m3 per half-period, whereas the 20 cm curved brick configuration had Veff = 0.67 m3
per half-period; hence, the discrepancy in Veff between the hexahedral and brick arrangements was lower with all
NCSX ports considered. Renderings of each of these arrangements are shown in Fig. 13.
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Figure 13: Renderings of magnet arrangements that leave space for the NCSX ports, viewed from the outboard side. (a)
Hexahedra with a radial extent of 22.5 cm; (b) Curved bricks with a radial extent of 20 cm.
5 Conclusions and future work
In support of efforts to develop stellarators that employ arrays of permanent magnets for plasma confinement, we
have developed the MAGPIE code to enable studies of different geometric concepts for magnets and facilitate rapid
fine-tuning of the arrangements according to physics and engineering requirements. To date, two geometric concepts
have been developed and studied: curved bricks, which align to an arbitrary cylindrical grid, and quadrilaterally-
faced hexahedra, which conform closely to toroidal plasma geometry.
The hexahedral concept was designed as a discrete implementation of a magnetized layer with polarization
constrained to be normal to a surface surrounding the plasma. However, it was found that the physical limitations
on the strength of present-day rare-Earth magnets make it impossible for normally-polarized hexahedra to attain
adequate field accuracy, at least for the targeted NCSX-like plasma configuration.
If the constraint for normal polarization is relaxed, however, both hexahedra and curved bricks are capable of
confining the target plasma configuration with rare-Earth magnets. With both concepts, magnet layers conforming
to the NCSX plasma vessel with thicknesses on the order of 20 cm were shown to be capable of generating adequate
magnetic fields to confine the targeted plasma equilibria. For the hexahedral concept, an increase of 5 cm in radial
extent is required if magnets are removed to make space for all of the NCSX ports.
The dipole moment distributions obtained by the optimizer had a noticeable dependence on both the geometric
properties of the magnet arrangement and the initial conditions for the optimization procedure. Solutions for curved
brick arrangements whose moments were initialized normally to the toroidal limiting surface generally had lower
effective magnet volumes than those for which the moments were initialized along the radial unit vector. Further-
more, solutions for hexahedral arrangements tended to have lower effective volumes than solutions for curved brick
arrangements. Thus, while brick-shaped magnets have the advantage of geometric simplicity, surface-conforming
hexahedral magnets may admit configurations with lower overall magnet quantities.
The immediate application for this work is a stellarator experiment planned to be constructed at PPPL using
components from the NCSX experiment, including the vacuum vessel and the toroidal field coils. However, MAGPIE
has been developed to aid in the design of permanent magnet arrays for any stellarator configuration. This study has
demonstrated the code’s ability to facilitate conceptual studies of different magnet geometries and to evaluate the
trade-offs of different design choices.
The findings presented here represent the first steps in developing a buildable permanent magnet array for a
stellarator. Further efforts toward refining the array properties, the MAGPIE code, and the optimization approach
are underway or anticipated. One area of flexibility that we have not yet explored in depth would be to reduce the
effective volume by allowing for nonuniformity in the thickness of the magnet layer, with thicker portions in the
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regions where large magnetic fields are required (particularly the inboard side) and thinner or nonexistent portions
in less-critical areas. Additional geometric concepts may be implemented in MAGPIE depending on further research
and development in magnet fabrication.
In addition, the MAGPIE code was designed to be relatively simple to include in optimization loops by codes
such as STELLOPT [21]. Such optimization could be utilized, for example, to fine-tune the design of a geometric
arrangment to minimize the effective volume or to find a plasma equilibrium that both exhibits good physics prop-
erties and is also more amenable to confinement by permanent magnets—for example, a plasma with less-stringent
field requirements that could be confined by normally-polarized magnet arrays.
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A Details on the design of hexahedral arrays
A.1 Base grid generation
The procedure for designing a hexahedral array in MAGPIE begins with the definition of the volume in which
magnets are permitted, specified as the region between an outer toroidal limiting surface and an inner toroidal
limiting surface. The outer surface must enclose the inner surface, and both are assumed to enclose the target
plasma. To date, the inner surface has been supplied as a set of Fourier harmonics for the r and z coordinates as
functions of poloidal angle θ and toroidal angle φ , and the outer surface has been implied throught the definition of
a uniform radial extent.
With the magnet volume thus defined, the magnet design proceeds by generating a base grid. The base grid
consists of a two-dimensional array of vertices arranged on the outer limiting surface. Each set of four adjacent
vertices defines a cell in which a magnet is to be placed. The base faces of each magnet are constrained not to extend
behind any of its respective base grid vertices.
The vertices (and, by extension, the bases of the magnets) may be arranged to interface in a convenient way
with their respective mounting structures. For the configuration shown in Fig. 1b, each poloidal row of magnets was
intended to be mounted onto a planar support structure as shown in Fig. 2. In order for the bases of the magnets to
line up along these planar structures, the vertex points in each poloidal row of the base grid were chosen to have the
same azimuthal (toroidal) angle φ .
A.2 Definition of the bounding planes
Once the base grid is defined, the next step is to determine the bounding planes between adjacent magnets. Since
the magnets are ultimately oriented such that their axes are perpendicular to the inner limiting surface, the bounding
planes should also intersect this surface at a near-perpendicular angle. To ensure this, the base grid vertices are
first projected onto the inner limiting surface such that each projection line intersects the surface normally. This is
accomplished by solving the system of three nonlinear equations,
rv = rp(θ ,φ)+ `nˆ(θ ,φ), (1)
for `, θ , and φ . Here, θ and φ are the poloidal and toroidal angles, respectively, of the projected point rp(θ ,φ) on
the inner limiting surface from which a perpendicular projection line intersects the vertex point rv. The axis of this
line is the unit normal vector to the inner limiting surface nˆ(θ ,φ), and ` is the distance along the axis from rp(θ ,φ)
to rv. The solution to these equations is not necessarily unique, especially for vertex points near concave regions of
the limiting surface, so it is important to supply reasonable initial guesses of `, θ , and φ to ensure continuity in the
projection lines associated with adjacent vertex points.
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Figure 14: Points of reference for four cells of the base grid, including vertex points, projected points on the inner limiting
surface, and their respective connecting segments. Radial vectors are parallel to the connecting segments. Hexahedral magnets
constructed from the grid are shown in three of the cells. Curves of constant poloidal angle θ and toroidal angle φ are also
shown on the inner limiting surface.
The key reference points and directions for determining the bounding planes are illustrated in Fig. 14. Each pair
of vertex points, projected points, and connecting segments demarks a boundary between adjacent grid cells and is
thus used to determine the corresponding bounding plane. The normal vector of each bounding plane is derived from
the cross-product of an angular vector (a vector between the midpoints of the connecting segments), and the radial
vector (derived as an average of the axes of the connecting segments). The plane is fixed to a reference point whose
coordinates are calculated by averaging the coordinates of the vertex and projected points. Some boxcar smoothing
may be applied to neighboring angular vectors, radial vectors, and plane reference points in order to avoid sharp
transitions between adjacent bounding planes.
With the bounding planes between adjacent grid cells defined, the lateral faces of the hexahedral magnets within
the grid cells are then determined. The normal vector of each lateral face is that of the nearest bounding plane, and
the plane of the face is offset by a specified distance into the grid cell to enforce a finite gap spacing between the
(parallel) face of the adjacent magnet. The planes of each of the four lateral faces intersect to form four radial edge
lines.
The magnet’s axis is determined from the normal vector of the inner limiting surface at the average poloidal and
toroidal angles of the four projected points on the surface at the corners of its grid cell. The axis also defines the
normal vectors of the top and base faces. The top face is positioned to maintain a minimum separation distance from
the limiting surface. The base face is positioned not to not have a greater elevation than any of the grid cell’s vertex
points along the magnet axis.
Following this procedure, each hexahedron will not collide with its four nearest neighbors due to the constraint
that adjacent faces be parallel. However, it is still possible for overlaps to occur with other nearby hexahedra, espe-
cially those across corners in the grid. If such overlaps are detected, the lateral faces of the overlapping hexahedra
are iteratively withdrawn inwards until the overlap is resolved.
Depending on the input settings such as grid resolution, radial thickness, and limiting surface geometry, it is
possible for the above procedure to result in over-constrained hexahedra with undesirable or erroneous properties.
These could include, for example, opposite faces that intersect one another. Magnets with such undesirable properties
are identified and eliminated from the output set. Since this will leave gaps in the magnet grid, it is advisable to adjust
the input settings to minimize the number of erroneous hexahedra.
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Figure 15: Subset of hexahedral magnets in the vicinity of a concave region of the limiting surface. Magnets in the original
array are shown in blue; upper magnets added to a subset of the grid cells are shown in cyan. (a) view from the inboard side of
the torus; (b) view from inside the limiting surface.
A.3 Concave regions
In concave regions of the limiting surface, it is possible that significant gaps could arise between the surface and
the top face of the hexahedral magnet. To fill this volume, the code offers the option to add an “upper” hexahedral
magnet between the original magnet and the vessel. Examples of such upper magnets are shown in Fig. 15. The
upper hexahedron’s base face coincides with the original hexahedron’s top face, and the upper hexahedron tapers
along the axis as it expands into the concave region of the limiting surface.
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